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Fuel Sloshing in a Spherical Tank Filled
to an Arbitrary Depth

WEN-HWA CHU*
Southwest Research Institute, San Antonio, Texas

The kernel function for liquid sloshing in a spherical tank filled to an arbitrary depth is
shown to be related to Green's function of the second kind and is constructed successfully by
numerical means. Natural frequencies are then computed as eigenvalues of a matrix. Eigen-
functions are obtained, at a finite number of points, as the eigenvectors that are sufficient
for approximate evaluation of the force acting on the container. Simple formulas of force
and moment are given for both pitching and translational oscillation under a fixed gravita-
tional field. Finally, comparisons of both predicted natural frequencies and force response
with the experimental results for a quarter-full tank are given.
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Nomenclature

radius of the spherical tank
area of undisturbed free surface
area of wetted surface of sphere
maximum value of p, radius of free surface
tank diameter, 2a

Ho(p, P') = integrated kernel function related to Go(P, Q)

= [E(q) -
D(/3, k') = [E(0, kf) - kf sin/3]
DKEF = a function in the computer program (cf. Appendix

C)
F = undisturbed free surface
Fs = horizontal force acting on the tank due to fuel

sloshing
Fa = (piPiY'2FQ (Ph Pi) = Fji^ (note the order of Pi, Pj

in FU)
Fc( P, p') = integrated kernel function related to dGo/dn
g = effective gravitational acceleration
ga = (piPi*)ll2hi(pi, py)
G(Pj Q) = Green's function of the second kind for the spheri-

cal bowl
G(s(P, Q) = Green's function of the second kind for a sphere
h(P, Q) = additional part of Green's function for spherical

tank other than half-full
hi(p, p') = integrated kernel function related to h(P,Q)
H(P} p') = integrated kernel function related to G(P} Q)
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>»> Pi)
I = point of integration, except [7] being the unit

matrix
K(q), E(q) = complete elliptic integrals of first and second kind,

respectively
ML = total mass of liquid (fuel)
n — outer normal
NEFF = a function in the computer program (cf. Appendix

C)
P(Q) = (K(q) - (*-/2)] (of. Appendix C)
P(r, \l/) = a ring corresponding to P(r, \f/, 6)
gi = 2(P P ' ) i / 2 /(p + P')
qj _ = 2a(pp')1/2/[(Pp / - 62)2 + ^2(p - P ')2 + 4PP'a2]1/2

Q, I = analogous to P but related to Q and /, respectively
r, \J/, 6 = spherical coordinates
R = the wetted spherical surface before sloshing unless

defined by (A2)
R'(P, P') = [r'2 + (o4A2) - 2(r'/r)a2 cosT]1/2

RPQ = distance between the points P and Q
dS_ = element of surface
dS = dS/dO -> pdp on F
U = horizontal displacement of container in the x direc-

tion

^> q)
Xn

n(o:2, q]

p ) P i
PL

vertical distance of free surface from center of
sphere; positive upward

defined by Eq. (lib) / F0n
2(/)d£/

defined by Eq. (1 la)
angle between the vectors OP and OP'
(l /ppOf-s*2 db [ZF* + s*2(p2 + P / 2) + P2P / 2]1 / 2},

respectively
Heuman's lambda function (Ref. 9)
*r?/g

complete elliptic integrals of the third kind (Ref.
9)

radial distance from a point on the free surface to
the center of the free surface

P of integration variable
density of liquid (fuel)
velocity potential, V0& = q, q being the velocity

vector
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4>n = nth eigenf unction
= nth integrated eigenfunction related to <f>n
= P1/2*n(p)
= frequency of oscillation
= nth resonant frequency
= w^a/g, nth resonant frequency parameter

Subscripts
F = related to surface F
i, j, k = related to pt-, p/, pk, respectively
I = related to integration variables
P = related to the point P(r, $, 6} or P(pp)
Q = related to the point Q(r, \J/, 0) or Q(PQ)
R = related to surface R

Introduction

DISTURBANCES on a rocket or missile can induce slosh-
ing of fuel in a partially filled tank. Sloshing in turn

exerts excitation forces on a vehicle that, in some cases, can
be detrimental to the trajectory or even result in loss of
control. Sloshing in a circular cylindrical tank has been
widely investigated with and without damping. To facili-
tate dynamic analysis, an equivalent mechanical model for
a circular tank is given in Ref. 3. For a spherical tank, an
ingenious seminumerical method is given in Ref. 4. How-
ever, the solutions of the problem are restricted to three
special cases, namely, nearly full, nearly empty, and half-
full tanks. The restriction is due to the lack of Green's
function of the second kind (Neumann function) for the
spherical bowl. Although Green's function of the first kind
for the spherical bowl is given in Ref. 5, it is doubtful that
a simple expression for Green's function of the second kind
exists in the toroidal coordinates since the normal derivative
on the spherical cap is a combination of two derivatives in this
coordinate system. The sequence method given in Ref. 6
is convergent for Green's function of the first kind but may
diverge for the second kind. One may resort to the Liouville-
Neumann method (series method7) and prove it converges,
but, when Green's function on the boundary is desired, the
kernel function is singular; thus the series becomes increas-
ingly more difficult to evaluate when more terms are needed.
If we do not employ the Neumann function, an integral equa-
tion on the free surface is also obtained. Unfortunately,
the eigenf unctions no longer satisfy the necessary orthogonal
relationship8; thus they are the desired eigenfunctions only
if the Neumann function is employed.4 In this paper, a
a numerical scheme is devised to determine the desired kernel
function, which is one component of the Neumann function,
and then the same procedure as given in Ref. 4 is applied to
evaluate the sloshing characteristics. Considerably more
work is required to calculate the pressure on the wall using
this approach, although, in principal, this can be done.

After the theory in this paper was developed, some other
approaches were published. One approach9 seeks the
variational solution based on Hamilton's principle through
the Rayleigh-Ritz method, f Since only an integrated free
surface condition was imposed, it is somewhat doubtful that
an accurate prediction of force response or pressure can be
assured,10 although error in the lowest mode frequency was
less than 1% for a flat cylindrical tank. In another ap-
proach,11 finite difference techniques were employed to seek
eigenvalues in a boundary condition by three different
methods. Method I and method III11 use either an iterative
approach to calculate the Rayleigh quotient or a Rayleigh-
Ritz procedure to minimize the Rayleigh quotient, but are
somewhat inferior11 to the Rayleigh-Ritz procedure applied
to the continuous domain without employing finite differ-
ences. Method II11 converts the problem into an equiva-

Fig. 1 Graphical illustration of some nomenclatures.

lent matrix eigenvalue problem by eliminating the points
outside the free surface through an inversion of the matrix
if the number of other points is small or through an influence
coefficient-type calculation if otherwise. In the latter
case, if there are N points on the free surface, N boundary-
value problems should be solved first (say, by successive
overrelaxation) before reduction to the eigenvalue problem
of an N X N matrix. Depending to a large extent on the
number of net points required for a desired accuracy (say,
three figures in frequencies and force response), the com-
puting time (based on estimation on a GE-225 com-
puter) J of the last method for a spherical tank seems to
be comparable to the present method. Although further
(significant) acceleration of the rate of convergence of the
subroutines in the present method in the present problem
may be quite difficult, an alternative numerical scheme has
been devised which is expected to reduce the computing
time to one-half or further.! Finally, Ref. 12 has also been
published in which the kernel function is constructed em-
pirically, based on knowledge for a half-full and full tank.

The purpose of this paper is not only to predict the na-
tural frequencies and force response of liquid sloshing but
also to show how kernel functions are related to the Neu-
mann function on the boundary and how they can be con-
structed numerically for a spherical tank. Analogous ex-
tensions to other configurations or other problems may be
possible but will not be treated in this paper.

Mathematical Formulation
A. Kernel Function

Let G(P, Q) and G0(P, Q) be Green's function of the second
kind for the interior of the given spherical bowl (Fig. 1) and
the sphere, respectively. Then 1) both G(P, Q) and GQ(P, Q)
possess continuous second derivatives and satisfy the La-
place equation inside the bowl and the sphere, respectively,
except at the point P = Q; 2) both G and GQ possess a unit

f This method has been applied to a spherical tank by Riley
and Trembath whose results are compared with the present for
a one-fourth full tank in Fig. 6 of Refs. 1 and 2.

t It is estimated under the assumption that there are 20 free
surface points and 300 total net points with 120 iterations for
each boundary-value problem (based on experience of a similar
problem) and average speed for 5 multiplications, 4 additions,
and 1 additional multiplication or division at each point in each
iteration. There are other estimates based on experiences
which yield approximately the same magnitude of computing
time.

§ Detailed description of the second numerical scheme is given
in Refs. 1 and 2.
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Fig. 2 Surface of integration.

sink, l/4:TrRPQ at P = Q inside the bowl; 3) cXro/dn =
— (l/47ra2) on the whole surface of the sphere, dG/dn =
ki = —l/(AR + AF) on the surfaces of the bowl, R and F-
4) Go be that given in Ref. 9; and 5) G(P, Q) satisfies the
normalizing condition13

R + F 0(1, Q)dSr = 0

Following these conditions, it is well known13 that the Neu-
mann function G is symmetric as well as (?o, i.e., G(P, Q) =
G(Q, P), G0(P, Q) = G0(Q, P). When P, Q are both interior
points, analogous to the proof of symmetric properties, one
has

G(Q, P) - G0(P, Q) =

dn/

-/,
— - G(J, P) tin,

(1)
which is an integral equation governing G(P, Q), where P,
Q are inside the bowl, not on R and F.

For values of Green's function with P, Q(P ^ Q) both on
F, not on R, apply directly the divergence theorem to the
surface shown in Fig. 2. Since there is an infinitesimal semi-
sphere around the sinks at P and Q, respectively, one finds

J <7«2, , Q) =

CR+FJ P^I

By making P and Q in Eq. (1) approach P and Q on the free
surface along its normal, Eq. (1) can be reduced to Eq. (2).

In Ref. 4, for fuel sloshing in a spherical tank, only those
eigenf unctions proportional to eos0 are needed. One shall
see in the next section that it is sufficient to know one com-
ponent H(P, Q) of the Neumann function G(P, Q) to deter-
mine the sloshing characteristics. Let

W-P, 0) = - f'' C' [(?(P, Q) - ft(P, Q)] X
7T »/0 »/U

cos0p coseQddpddQ = H(P, Q) - H0(P, Q) (3b)

Since G and G0 are symmetric functions, H, HQ, and thus hi
are symmetric functions.

For points P, Q corresponding to P and Q, respectively,
inside the spherical bowl, Eq. (1) can be integrated to yield

hi(P, Q) = - f. F0(I, Q)H0(P, I)dS, -

(4)

for which the reversing of orders of integration are applied
and can be justified by carrying out the details. The func-
tion FQ is defined by

t, 5G0(7, Q)

1 p, p,
7T JO JO

- 6»Q)]
X

which is a nonsymmetric function as cXro/dft/.
Similarly, if both P and Q are on F} not on R, integration of

Eq. (2) yields

I, PQ)]

/, PQ) } [(PIPP) l/% (PP, Pi) ]dpr (6)

where FQ and H0 are given in Appendixes A and B. For ZF =
0? FO = 0 almost everywhere on F] hence, for a half-sphere
hi(P, P') = 0, H = HQ, which is in agreement with Ref. 4.

B. Eigenf unctions

The eigenfunctions <£n's are assumed to possess the follow-
ing properties: 1) <£« is regular inside the bowl and V2</>n =
0, 2) b<£n/dw/_ = 0 on E, (5^n/5n/) = \n<t>n(I) on F, and 3)
(f)n(P) = $n(P) cos0p.4 The last condition is appropriate for
translational oscillation of the tank. Analogous to Eqs.
(l)and(2),

(7)

(8)

(9)

(10)

when P is inside the spherical bowl R + F and

) = fp 0(1,\ <t>

when P is on F.
Analogous to Eqs. (4) and (5) by integration,

= f "jy(/, P)$n(I)dSi
*/ ̂

P not on F

P OU F

(3a)

This shows only #(P, Q) is needed for the pertinent eigen-
functions.

C. Sloshing Force and Pressure (Translational
Oscillation)

By introducing a displacement potential relative to the
tank tyd = Son(00n(r, ^, 0), the sloshing force acting on the



NOVEMBER 1964 FUEL SLOSHING IN A SPHERICAL TANK 1975

container is derived from the Lagrangian equation in Ref. 4,
namely,

F. = -MLU - pL2/3nan (11)
where M L is the mass of the liquid, equal to pL(Tr/3) [2a3 +

= ——— f XfadS = TTtfttn - P $ng J t1 d j o

The velocity potential

&"(f)4>n(r, 4*, <?) + Ux

(lib)

(He)

(12)

The pressure on the container

p ̂  p?an(t}<t>n(a, t, 6) - pUx ^ -pL(50,/d0 (13)
within the accuracy of the linearized theory. Equation (11)
can also be obtained easily by integration of pressure.1- 2

Once 4>n on F is evaluated, one may employ GQ to obtain
<£»(P) from

(14a)

(14b)

The integral on # dropped out as d</>n/dn/ = 0 on E and
bn/ = const on R.

For P on JB, not on F, the integrands of the integrals in
Eq. (14b) are nonsingular; hence, $n(P) can be calculated
by well-known numerical methods. For contact points
both on R and F, the value of $n(pn) may be obtained by
evaluation of the integral by midpoint formula.

D. The Moment of the Tank

Since the moment about the center of the sphere is zero,
the moment about any point on the z axis at a distance I below
it is

Mi = FJL (15)

E. Pitching Oscillation

From the equivalence of boundary conditions, it can be
shown (Refs. 1 or 2) that a small amplitude pitching oscilla-
tion is equivalent to a translational oscillation of amplitude,
I6y, 6y being the angular displacement and I being the same
as that in Eq. (15). There is, however, an additional x force
and an additional y moment due to static tipping pressure14

or due to the weight of the liquid.

F. Mechanical Model

An equivalent mechanical model for sloshing in a spherical
tank is given in Ref. 15, but unfortunately the extrapolation
to include damping was not as successful as in the case of a
cylindrical tank3 and could only be used for order of magnitude
estimates.15

Numerical Method
A. Approximate Determination of the Kernel Function
at a Finite Number of Points

A numerical quadrature formula will be used in order to
replace the integral equation (6) by a matrix equation. In

doing so, a minor difficulty arises because of the presence of
logarithmic singularity at P = / or p; = pi} the latter of which
is the integration variable. In the original manuscript, an
attempt was made to devise a more sophisticated quadrature
formula, expecting higher accuracy. Unfortunately, it
seems to contain integrals that are difficult to express in
known functions, or which require a very careful process of
taking limits under the integral signs. Further, the appar-
ent higher-order terms actually may be very large and not
negligible. Therefore, to reduce the total effort, the present
numerical scheme based on a generalized midpoint formula
is devised.

The integrals are divided into N equal parts (N = 20 will
be used), and the field point is one of the centers of the
intervals. A simple midpoint formula will not be applicable
when the logarithmic singularity^ appears at the midpoint,
but, if the interval is subdivided into four intervals (or more) ,
the error may become acceptable. For example, consider
the integral

/•
= JP

/«+( A/2)

PI-(A/2)

A In - A ̂  A InA - 1.69315A (16)

With four equal subintervals, the midpoint formula yields

S = |~2 InQ A j + 2 In/! A jl ^ ^ A In A - 1.5301A

(17)
The error is 0.16A. For A = fa (N = 20, 6 = 1), the rela-
tive error is less than 0.18%. The integral equation (6) is
therefore reduced approximately to the matrix equation,
the unknown function at the four midpoints being replaced
by its value at the center of the interval containing these
four subintervals:

the solution of which can be easily found by matrix inversion.
In Eq. (19), [C], [M], and [D] are square matrices of which

the elements are given in Refs. 1 and 2. As a check of
accuracy, the symmetric property Cu •= C/» should hold ap-
proximately true. Then we can use the average value for the
corrective term in the kernel function.

The difficulty of the problem, however, lies in the accurate
and rapid evaluation of the function Ftf and Hif contained
in the matrix elements of [M] and [D].

B. Determination of Eigenvectors, Natural Frequencies,
and Force

The matrix approximation of Eq. (10) is

(»)} (19)

where the factor -J- on the right-hand side is in agreement with
Ref. 1, since the strength of Green's function has not been
doubled in this paper. The elements of the matrix A are
given in Refs. 1 and 2. The largest few of the eigenvalues
yield the lowest few of the natural frequency parameters.
Presumably, as in other sloshing problems, a few eigen-
vectors are sufficient for numerical evaluation of the force
response in the "neighborhood" of the first natural frequency.

C. Precision Problem

The functions F0, HQ have been first expressed in terms of
complete elliptical integrals of the first kind, the second
kind, and the third kind, and of simple elementary functions

^ This is known from the analytic expression of H° and F
given in Appendixes A and B.
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Table 1 Samples of corrective part C# for quarter-full tank

i/j 1
1 1 . 0683901

x 10 -5
2 5.5416096

X 10 ~5
9

10 8.2212278
x io-4

11

19 1.8737714
x 10-3

20 1.9743665
X 10~3

2

5.419177
X10-«

2.8747310
X 10~4

4.2698876
x io-3

9.7465323
x. io-3

1 . 027057
X 10~3

9

4.8220011
X lO-2

5.6576890
X X)-2

6.5216369
X lO-2

10
8.2274045

X IO-4
4.2729657
X 10-«

5.6585628
X lO-2

6.6504031
X IO-2

7.6797981
X lO-2

1.6341799
x io-1

1.7294743
x io-1

11

6.5237782
X lO-2

7.6811489
X lO-2

8.8875807
X10-2

19

1.8775441
X 10~3

9.7666734
X IO-3

1.6376404
x io-1

5.6357121
X lO"1

6.3772697
x io-1

20

1.9692882
X lO-3

1 . 0244200
X 10~2

1.7254674
x io-1

6.3742676
X 10"1

7.6960677
X lO"1

(Appendixes A, B). The elliptical integrals of the third
kind are expressed in terms of Heuman's lambda function
A0,16 which is again expressed either in a series form or in a
close form of incomplete and complete elliptical integrals of
the first and second kind, i.e.,

Ao(&fc) = (2/<jr)[E(k)F((3,kf) +
K(k)E(P,k') -K(k)F(0,k')] (20)

In F3 and H0^ a serious precision problem occurs because of
the almost complete loss of significant figures in subtractions
for pi, PJ both small. At first, the series form of the lambda
function was used, but it was found that the series is very
slowly convergent when the parameter is near unity, espe-
cially if double precision or twelve significant figures are
sought. Then, the iterative methods for evaluating elliptic
integrals17 are used which converge to 10 "9 within four or
five iterations. Although the complete elliptic integrals
can be computed very rapidly, the subroutine NEFF (see
Appendix C) for incomplete integrals and differences related
to them consumes 8 sec (used twice), whereas the total time
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for evaluating F0) H0 is only 25 sec at each point, all on the
GE-225 computer. Longer time would be required
for higher precision as the number of iterations increases.

To increase the precision, analytic subtractions are made
so that no significant subtraction remains, if possible. Non-
inter ative subtractions in which four or less figures are lost
are acceptable if four or more significant figures out of eight
(single regular precision on the machine) are desired. The
technique can be illustrated by the following cases:

1) Let (A — B), the difference of A and B, be small but
expressible analytically without subtraction. Then, for
example, (1/A)1/2 — (l/Bl/2) should be evaluated from
(-l/A^Bl^)(A - B)/(A + 51/2), e.g., A = 2, B = 2 + <5,
5 « 1, (A - B) = 8.

2) Let the kn's be small (positive) quantities containing
no subtraction; then (1 + ki)(l -f fe) . . . (1 + kn) — 1 should
be evaluated by repeated application of the simple relation
that (1 + ki)(l + fe) - 1 = fe + fe + fofe.

3) To subtract a desired quantity from a known function
may require a new subroutine for this function performing
significant subtraction analytically, e.g., NEFF (Appendix
C).

Aside from relatively mechanical operations, the device of
DKEF and NEFF subroutines, a function ILn was used.
It is given in Appendix D.

It is noted that, after a small manipulation, direct nu-
merical integration of the integrals Fs, Hos at sampling
points of the entire domain of pi, PJ was also computed by

c

z

A

c/a = -//z U/d

specific
gravity

Water ¥ = /

Cioride f = /.34

Present Theory

V

j
Iixt1

= o.ooez.8

^=1.0 cent ifl

fj = O.44- centifl

oise

oise -

Fig. 3 Comparison of the first three natural frequencies
with experiments of Stofan-Armstead.12

0 2 4 6 8

NATURAL FREQUENCY PARAMETER BASED ON DIAMETER -̂ n—

Fig. 4 Comparison of force response for quarter-full tank
with experiments by Abramson et al.15
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Weddle's rule. Although four or more significant figures
can be obtained, it is deemed too slow over the major part of
the domain. For instance, it took about 5 and 2-g- min,
respectively, for F$ and H05 on a GE-225 computer with
384 intervals, or a relative error of about 10 ~5 otherwise
at a point near the right lower corner of the domain (p»-, p/
near unity). These values at sampling points are valuable
as they serve as a good check on the present computer
program that evaluates Fi, F2, F%, Hos, #02, #03 all together
at a rate of 25 sec/net point (on the same computer
with an accuracy of four or more significant figures).

Example: Fuel Sloshing in a Quarter-Full
Tank

First, ^0 and H0 are generated, then the matrix equation
(19) is solved. The corrective part C»/ to the kernel function
obtained is symmetric almost to four figures (Table 1). The
relative errors in the sample points are less than 0.3% or
better. Since these values are quite representative, the
values of dj at other points are not shown in the table.

Next, the eigenvalues and eigenvectors of Eq. (20) and
then the force response of Eq. (11) are calculated. The
calculated first four eigenvalues are 9.48863, 2.0591201,
1.2003387, 0.84773955, respectively. The corresponding fre-
quency parameters are compared with experiments in Fig.
3. It seems that the values are well within possible experi-
mental error, although it may be slightly less than the actual
value, noting that natural frequencies are somewhat smaller
for large amplitudes of oscillation.

The constants needed to calculate the force response are
compared with graphical values given by Ref. 4 in Table 2.
Since the coefficient D-^/Ci is in agreement with Budiansky's
value, the main difference lies in the value of first natural
frequency for frequency range in its neighborhood. Since
the graphically interpolated value is less reliable, which is
also confirmed experimentally in this case, only the present
theory is compared with experiments15 in Fig. 4. The
difference between theory and experiments, perhaps, is essen-
tially due to finite amplitude effect, but the agreement seems
to be quite reasonable.

Conclusions and Discussions

The present theory and computer program seem to yield
satisfactory predictions of natural frequencies and force
response in comparison with experiments for a quarter-full
spherical tank. The computer program is expected to be
applicable to other liquid depths, although not beyond im-

Table 2 Comparison of constants with data from Ref. 4

= ~ f** - • Inf—4x Jo a L a

n

1
2
3
4

1
5,
9
13

Chu

.2169314

. 6077376

.6197893

. 620935

Budiansky,
Fig. 9,
Ref. 1

1.13
5.44
9.23

Chu

0.
0.
0.
0,

24919
,44687
44758

X
X
io-3
io~4

0
0
0

Budiansky,
Fig. 10,
Ref. 1

.250

.417 X 10~3

.766 X 10~4
. 112633 X 10~4

problems may be possible, but one must resolve the precision
problem if it exists. One may also find a more sophisticated
numerical scheme to be more desirable, either in accuracy or
in efficiency.

Appendix A: Analytic Expression for £To(p9 p')

Green's function of the second kind for a whole sphere18 is

where
= (r2 + r>2 - 2rr' cosy)1

(Al)

(A2)

R' = a4 2r' \1/2

— — — a2 cos A )r2 r )
cosi/'' + sin^ sin^' cos(0 — 6') (A3)

Using Eq. (Al), with & = 6 — 6' and z = z' = ZF)

H0(P, P') =

~\~

where

(AS)

- K(q2) - 2D(g2)} (A6)
"w 27r(pp')1/2

From algebraic manipulations and integration by parts,

2a2

- ppf coscr + t(pp' - V (1- coso-)
• GOSordcr

n n

PP
— , (V -
PP

provement in efficiency. The results also confirm the theory
that the kernel function is related to the Neumann function
on the boundary and that this function can be constructed
by adding a corrective part to a known Green's function
numerically for practical applications. Extensions to other

—t (X2
2 - l)1/2|pp'X2

PP
(A7)

When p or p ' is zero,

#<H-(0, p') = HM(P, 0) = 0 i =1,2,3 (A8)

It was found that there is a precision problem in Eq. (A7)
when p and p' are near zero. This might be anticipated, as
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there is a very small denominator proportional to (pp')3/2>
and the result is expected to be small in view of Eq. (A8).
After somewhat laborious manipulations with Eq. (A7) to
resolve the precision problem, H0s is obtained in the following
form (with b — 1):

2ira \pp'Qs

20

n -, „)

S<
I — A2

n *)

x

(A9)

where QS) Rth, Rm, Rh R?, R3, Rta, R±, (Rth2 - 1) are algebraic
expressions given in Refs. 1 and 2 and

(X2
2 - 1) UN (A10)

It is recalled that Budiansky's technique of differentiation
under the integral sign does not seem to lead to simple results
because of the presence of nonzero ZF) the relative depth
measured from the center of the spherical tank.

Appendix B: Analytic Expression for F(p, p')
Using the same technique as in Appendix A, one finds

•2*_ r2
0 P) p Jo coscr dcr

(Bl)

where

on, ,2D(g2)
1 Q.*ZI
J

w, .p)(b — p)

(B2)

2pp'a
ippV2 + (*,<2L

< + fl,a)[(P2 + p'2)
M««

ZF* + p2 (p -

- ip2 - p'2i:
-P')

P2P'2

\ZF\Rti[MRti + ̂  + Rta'.
(B3)

Rta, RH are algebraic expressions given in Refs. 1 and 2.
Finally, F3 will be expressed in closed form as follows:

1

(r2 + a2)rr' cos 7]- coscrdcr =

(PP;-

[(aV2 + rV2) -

X27ra2(pp')3/2

1
+ p2 + a2)Kfe) + g •

^4 + ^2(p2 + P/2) + P2p'2
(Equation continued in next column.)

I /\ 2 L ( ••? I i^f I **•? \r' I r J I r1 r1

[2zF* + zF*(2a2 + 2p2 + p/2) + p2(a2 + p'2)] -

+ a2 + P2) [2*V + p'2) + pV2]]-n

(pp' - ZF*)[ZF* + gj,y + p'2) + pV2]1/2

(ZF
2 + [ZF* + ^2(p2 + p/2) + P2P/2)]1/2

2a2 + 2p2 + p/2) + P2(a2 + p /2)] +

x

« I 1 +

_1___
1 + p')2

(B4)
There is a serious precision problem for p, p' small in Eq.

(B4). After manipulations, the precision problem is re-
solved by employing the following equivalent form:

where
+ p2 + «2)IL + +

(B5)

+ P2 + a2) •
+ Hn]} (B6)

(B7)

where Bi} B2, Ci*, (72*, C3* are algebraic expressions given in
Refs. 1 and 2. When p or p' -* 0, Ft- -^ 0 for i - 1, 2, 3. It
is important to note that, whether p > p' or p' > p, the sum
of FI, ^2, and F3 always approaches zero as ZF -*- 0. There-
fore, for a half-full tank H = H0, which is in agreement with
Budiansky's kernel function aside from an apparent factor
of two difference mentioned previously under Eq. (19).

Appendix C: Subroutines DKEF and NEFF
(WIZ Program) [DKEF = DKEF (k, fc% 1, 1, 1),

NEFF = NEFF (/?, K, K', 1, 1)]
The unity arguments are actually dummies, whereas the

five arguments represent five outputs. For DKEF, the
outputs are K(k) = DKEF (1), E(k) = DKEF (2), [E(k) -
K(k)]/k* = DKEF (3), K(k) - w/2 = DKEF (4), and the
number of iterations = DKEF (5). DKEF (3) is not ob-
tained from DKEF (1) - DKEF (2) but is obtained after a
significant analytic subtraction in the program. For NEFF,
the outputs are F(/3, k = K) = NEFF (1), E(p, k = *) =
NEFF (2), [E(0, k) - k sin/3-] = A^^^/^ (3); the number of
iterations for evaluating F(/3, A;) = NEFF (4); the number
of iterations for evaluating NEFF (3) = NEFF (5). N#/^
(3) is evaluated after a significant analytic subtraction in the
program, whereas-NEFF (2) is simply obtained from NEFF
(3) + k sin/3. Although &' = (! — A;2)1/2 does not appear
in the functions sought, it is calculated from a formula
without subtraction, as one can easily see that significant
figures of k' would be lost if k is near unity. The basic
formulas are all given in Ref. 17. For complete elliptic
integrals, the iterative method based on geometric and
arithmetic means was employed. For incomplete elliptical
integrals, the iterative method based on inverse order of trans-
formation was employed in order to construct NEFF (3).
The programs are written in "WIZ" language for GE-225
computers, which is analogous to "FORTRAN" for IBM com-
puters, and are given in Refs. 1 and 2.

Appendix D: Derivation of TTN

For n[-2/(-l - X2), g2], the formulas 410.01 and 411.01
of Ref. 16 are applicable in which a2 = — 2/( —1 — Xi) <
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0, k = q2. One can further apply the addition formula
(153.01 of Ref. 16) restricted to the condition that k tan/3-tan-
\f/ = 1. Eliminating A0(/3, k) — 1, one finds

- n" - 2 ~
K(k) >]=

[2 [-«2(1 - a2)(&2 - a2)]1/2 (1 - a;2) J

Lid = (1 - Ao) = [1 - sin/3 - (Ao - sim3)] =

(Dl)

P(k)E(0,k') + £ 2 (1 + k') (1 - a2)1/2 (D2)

There is apparently a gain of significant figures of HN when
pi, PJ are small (a, k small) if Eq. (A7) is used, provided that
the first term in the brackets can be evaluated as accurately
as the second term. This is achieved by employing the sub-
routines DKEF and NEFF for Eq. (D2).
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